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1. INTRODUCTION

Variouswaysweretriedrecentlytodecreasethefrictiondragof
a bodyina flow;theyallemployinfluencingtheboundarylayer
(reference1). Oneofthemconsistsinkeepingtheboundarylayer
Mninw bysuction;promisingtestshavebeencarriedoutbyHolstein
(references2 and3) andAckeret(reference4). SinceforbrgeReynolds
n“unberathefrictiondragofthelaminarboundaryQyer ismuchlower
thanthatoftheturbulentboundarylayer,a considerablesavingin
dxagresultsfromkeepingtheboundaryleyerleminar,evenwiththe
blowerpowerreqtiredforsuctiontakenintoaccount.Theboundarylayer
iskeptlsml.narbysuctionintwoways:first,byreductionofthe
thicknessoftheboundarylayerandsecond,bythefactthatthe
suctionchangestheformofthevelocitydistributionsothatitbecomes
morestable,inamannersimilartothechange bya ~essuredrop
(reference7). TherebythecriticalReynoldsnumberoftheboundary
layer(U5*/V)critbeccxnesconsiderablyhigherthanforthecasewithout
suction.Thislattercircumstancetakesfulleffectonlyifcontinuous
suctionisappliedwhichonemightvisualizerealizedthrougha porous
wall. Thusthesuctionquantitiesrequiredforkeepingtheboundary
layerlaminarbecomesosmallthatthesuctionmustberegardedasa
veryproMsingauxiliarymeansfordragreduction.

Variouspartial,solutionsexistatpresentconcerningthetheoretical
investigationofthisproblem.ThusH.Schlichtlng(references5 and6)
investigatedtheplaneplateinlon@tud@al.flowwithhomogeneous
auction.Atlargedistancefromtheleadingedgeoftheplatea constant
boundarylayerthicknessandanasymptoticsuctionprofileresult.Later
H.SchlichtingandK.Bussmemn(reference9)investigatedthetwo-
dimensional.stagnationpointflowwithhomogeneoussuctionandtheplate
inlongitudinalflowwith Vo- l/fi (x= distamcefromtheleadingedge
oftheplate).Inallcasesa strongdependenceuponthemasscoefficient
ofthesuctionresultedforthevelocitydistributionandtheother
boundarylayerquantities.K.Bussmann,H.Mhz (reference8), and
A Ulrich(reference16) calculatedthetransitionfrcfnlaminar toturbulent
(stability)oftheboundarylayerwithsuctionforseveralcases;inall
ofthemthestabilitylimitwasfoundtohavebeenraisedconsiderablyby
thesuction.ASisknownframearlierinvestigations(reference7), the
sameamountofinfluenceonthetransitionfra leminartoturbulentis
exertedbythepressuregradientalongthecontourintheflowfor
impermeablewall.Bothinfluences(pressuregradientandsuction)will
bepresentsimultaneouslyfortheintendedmaintenanceofa laminar
boundarylayerforawing.Bothinfluenceshavea stabilizingeffectfor
thesuctionIntheregionofpressuredrop;intheregionofpressurerise,
however,pressuregradientandsuctionhaveoppositeinfluences.Whereas
wik,hou:Sllct.ion,?orpressurerise,mostlytransitionintheboundary
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layeroccurs;heretheim~rtantproblemariseswhetherthistransitioncan
besuppressedbymoderatesuction.

Thesolutionsforthelaminarboundarylayerwithsuctionexisting
sofarsrenotsufficientforansweringthesequestions.Anexact
calculationoftheboundarylayerwithsuctionencountersinsuperable
numericeldifficulties@t.as inthecaseoftheimpermeablewell.Thus
itisthemoreimportanttohaveanapproximationmethodatdisposal
whichpermitsonetocheckthecalculationoftheboundarylayerwith
suctionforenarbitrarybody.Suchamethodtillbedevelopedinthe
yesenttreatise.Themethodgivenhereisananalogontothewell-known
Pohlhausenmethodforimpermeablewall.Itpermitsthecalculationof
thelaminarboundq layerwithsuctionforenarbitrarilyprescribed
shapeofthebodyendanarbitrarily~escribeddistributionofthe
suctionvelocityalongthecontourinthefluw.

I 1. SYMBOLS

(a)Lengths

51
2

b

u,v

u(x)

Uo

Vo(x)

coordinatesparallelendperpendicular,re~e~ctively,to
thewallwettedbytheflow (x= y = O: stagnation
pointandleadingedgeoftheplate,respectively)

displacementthicknessoftheboundarylayer0 ‘)“(l - u/u)dy

momentmthictiessoftheboundarylayer

Qfi(’-uh))
measureoftheboundarylayerthickness

platelengthorwingchord,respectively

platewidth
.

(b)Velocities

(ljy=o

velocitycoqonentsinthefrichionleyer,paralleland
perpendiculartothewall

potentialvelocityoutsideofthefrictionlayer

freestreamvelocity

givensuctionvelocityatthewall Vo< 0: suction
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(c)OtherQuantities

wallshearingstress

wellsheeringstressforasymptoticsolutionofboundary
layeronplateinlongitudinalflowwithhomogeneous
suction

(1 )

1
Q totalsuctionquantity b Vodx

=0

()
-Q

CQ dimensionlessmasscoefficientofsuction;c > 0:suotion

(r)

fio
UolC*

Q reducedmasscoefficientofsuction CQ ~

7 dimensionlessdistancefrcmwall (y/81)

Fl(q),F2(Tj)basicfunctionsforvelocitydistributioninboundmylayerj
equations(8), (9)

K formparameterofboundarylayerprofiles,equation(6)

X,X1 dimensionless

‘JK1 dhnensionlees

E dimensionless

boundarylayerthickness,equations(12),(13)

momentumthickness,equations(22),(23)

lengthofboundarylayer~~]%j)

111.TEE EQUATIONS

WITH

Followingweshallconsider
layerona cylindricalbodyina

OF THE BOUNDARY LAYER

SUCTION

theplaneproblem,thustheboundary
flow(fig.1). x,y areasmnedtobe

thecoordinatesalongthewallandperyen~culartothewall,respectively,
U. thefreestreamvelocity,U(x) theyotentialflowoutsideofthe
frictionlayer,and u(x)y)> & y) thevelocitydistribution
inthefrictionlayer.Suctionandblowingisintroducedintothe
calculationby havingelongthewalla normalvelocityVo(x)prescribed
whichisdifferentfromzeroandgenersllyvariablewith x:

Vo(x)> 0: blowing;Vo(X) < 0: suction

vo/Uomaybeassumedtobeverysmall(0.01to0.0001).Onlyth;sc~seof
continuoussuctionwillbeconsidered,where,therefore,Vo(x)
continuousfunctionof x. Onemayvisualizethiscaseasreelizedbya porous
wall. Thetangentialvelocityatthewallshould,foreverycase, equal
zero.Theboundarylayerdifferentialequationswithboundaryconditions
areforthesteadyflowcase

d
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au+&=o
ax $

y=o: u = o; v =VJX)

y=m: u ‘=u(x)
1

5

(1)

(la)

(2)

Thesystemofequations(l),(2)differsfromtheordineryboundary
layertheorymerelybythefactthatoneoftheboundaryconditionsfor
y=O ischangedfromv=O to v =Vo(x)+0. Therebythecharacter
of thesolutionschangesdecisively:thesolutionsdiffergreatly
accordingtowhetheritisa caseof Vo> O (blowing)or V.< O (suction).

A specialsolutionoftheequations(l),(2)whichformsthebasis
forthetheoryoftheboundarylayerwithsuctionandisusedagain
beluwistheeolutionfortheplaneplateinlongitudinalflowwith
homogeneoussuction,thusVo(x)= V.= consteO end U(X) = Uo. For
thiscasetheboundarylayerthicknessbeccmesconstantatsanedistance
fromtheleadingedgeoftheplate;slso,thevelocitydistribution
becomesindependentof x (reference5). Fran auz z O followsbecause
ofthecontinuity%

q E O andhence

v(x) y) =

Fromequation(1)thenfollowsfor

Vo= constant

thevelocitydistribution

U(x,y)= U(Y)=Uo (-:+) .Uo(+;y’”j (3)

with

(4)



6
. NACATMNo.1.21-6

signifyingthedisplacementthicknessoftheasymptoticsolution.The
w&lJ.shearingstressforthissolutionis:

T 0uom=~ry = -pu~vo
o

(ha)

.

Itisindependentoftheviscosity.Thisasymptoticsolutionisoneof
theveryrarecaseswheretheboundarylayerdifferentialequationscen
beintegratedIn closedform.

Forsolutionoftheboundaryleyerdifferentialequations(l),(2)
forthe enerelcasewherethecontourofthebodyendhence

7
U(x) and

alsoVox) ereprescribedarbitrarilyonecouldconsiderdeveloping
thevelocitydistributionfromthestagnationpointintoa seriesin
termsof x inthesameweyasforimpermeablewe3J_(reference11);
thecoefficientsofthisseriesthenarefunctionsdependenton y for
whichordinarydifferentialequationsresult.K.Bussmann(reference17)
appliedthismethodforthecircularcylinder;witha veryconsiderable
expenditureoftimeforcalculationstheah wasattainedthere.However,
forslendererbodyshapesthedifficultiesofconvergenceincreaseso
muchthatthismethodwhichworksdirectlywiththedifferentialequations
isuselessforpractical.

IV. THE GENERA

ARBITRARY

purposes.

LAPPROXIMATIO N METHOD FOR

PRESSURE DISTRIBUTION

AND ARBITRARY DISTRIBUTION OF

THE SUCTIONVEL OCITY

(a)TheExpressionfortheVelocityDistribution,

Forthatreasononeappliesanapproximationmethodwhichuses
insteadofthedifferentialequationathemomentumtheoremwhichrepresents
anintegralofthesedifferentialequations.By integrationofthe
equations(l),(2) overy betweenthelimitsy = O and y=m one
obtainsintheknownmanner(reference18):

(5) #
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~ sygnifiesthemomentum~hjckness,5* thedisplacementthicknessjand

‘o=~0$0 thewallshearingswess. Theapproximationme~hodfor

calculationoftheboundarylayertobechosenhereproceedsinsucha
r.~annerthata plausibleexpressionisgivenforthevelocity,distribution
fntheboundarylayerU(X,y) whichiacontainedinequation(5)
in $,5* ad 7.. Thusanordinarydifferentialequationfor t(x)
resultsfrcauequation(5);afterthisdifferentialequationhasbeen
solvedonecbtainstheremainingcharacteristicsoftheboundarylayer
5*(X), To(x),andthevelocitydistributionU(X,y) intheboundary
layer.Theusefulnessofthisapproximationmethoddependstoa great
extentonwhetheronesucceeds~nfindingfor U(X3y) anexpression
byappropriatefunctione.

Pohlhausen(reference15)firstcarriedoutthismethodforthe
boundarylayerwithimpermeablewall.Thevelocityprofilesinthe
boundarylayerwereapproximatedbya one-parametricfamilyandtheapproxi-
mationfunctionforthevelocitydistributionexpressedasa Tolynomeof
thefourthdegree.Thecoefficientsofthispolyn~ aredeterminedby
fulfillingforthevelocityprofilesa fewboundaryconditionswhich

● resultfromthedifferential.equationsoftheboundarylayer.This
methodprovedtobesatisfactoryfortheboundarylayer

ThusoneproceedsInthesamewayfortheboundary.
suction.ForthevelocitydistributionIntheboundary
theche-parametricexpression

Y‘=F1(q)+KF2(q);q = —u al(x)

FL(7)and F2(7)arefixedprescribedfunctionswhich
expressedexplicitly;K =K(x) isa formparameterof

withoutsuction.

layerwith
layeronechooses

(6)

areimmediately
theboundary

layer~ofiles,thed~stributtonofwhichal&g thelengthisdependenton
thebodyshapeandthesuctionlaw; 51(x)isameasureforthelocal
boundarylayerthickness.Theconnectionbetween51 and 5* and $ is
~ivenlater.Itprovedusefultochooseotherexpressionsforthe
fmct.ionsFl(q)and F2(q)thanPohlhausenforthetipermeeblewall.
Pm thevelocityprofileaccordingtoequatlcn(6)thefollowingfive
bc’undaryconditionsareprescribed;theyallfollowfrcunthedifferential
equationsoftheboundarylayerwithsuction,equation(1),(2):

=0: u=G; au au ~a~Y vo~ =%x + ~y2

Ou ‘2
Y =m:u = Uo; —=G; ‘-U=Oby ~y2

(7a,b)

(7c,d,e!
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Theselectionof Fl(~)and F2(7)2stobemadefromtheviewpoint
thata fewtypicalspecialcaeesofvelocityprofilesoftheboundary
layerwitheuctionarerepresentedbyequation(6) assatlefactor31yas
poseible.Inparticularweehallrequiretheasymptoticsuction~rofile
acccrdingtoequation(~)tobecontainedintheexpression(6).This
conditionissatisfiedifoneputs

(Q

endcorrelatesthevaluesK = O and 51= 5* totheasymptoticeuctlan
profile.Furthermore,theexpression(6) naturallyshouldyielduseble
resultsaleofortheliml.tingcaeeofdisap~eringeuction.TO this
purpoeea goodpresentationofa typicalboundarylsyerprofilewithout
suctionIsrequired.Onechoosesasthisprofiletheplateflowfor
impermeablewallaccordingtoBlasitas(reference11). Sfncenoconvenient
ansljticalformulaexistefortheexactsolutionofthiscase,a good
approximationformulaforBlasiuslplateprofileieneeded.ItiSfound
thatthefunction#o= sin(aq)givesa verygoodapproximationtothe
B]asiusprofile(a= Constant)2Thusone puts 8

.

(9)

andthenobtainewithK = -1 a goodapproximationfortheplateflow
withoutsuction.Thecorrespondingvalueof 51 is given later. The

functionsFl(q)and F2(7)aregiveninfigure2 endtable1. Thus
onehasforthevelocitydistributionintheboundarylayertheexpression:

lThatthesinefunctionisa goodapproximationforthevelocity
diskibutionattheplanqplatewithouteuction,reetitedfromen
invesLi~ationofI@.I@ischabouttheasymptoticbehavioroftheplene
ste~natfonpointflowforlargeblowingquantity(reference20).

9
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J
ByselectionofthefunctionsF1 and F2 theboundaryconditions(7a,c,d,e)
arepersesatisfied.Thelastboundsrycond.ition>equatfon(~)~res~tsj
beceuseof

.

(11)

inthefollowingqualifyingequationfor K:

.

andfromitwith

(12)

(1s.)

for K theequation

(14)

k and AI aretwodimensionlessboundarylayerparameters.A qusntity
● analogousto k was&beadyusedbyPohlhausenfortheboundarylsyer

withoutsuction;Xl isnewlyaddedbythesuction.Fortheasymptotic
suctionprofilewith 51= 5, Xl= 1 accordingtoe~~ation(4).The

a formpmm.eterK asa functionof h and 11.isrepresentedin
figure3.
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(b)TheDifferentiall?quationfortheMamentumThickness

ordertoobtainbymeansof theexpressions(6).[8) and[9)
fromequation(7)thedifferentialequatio~forthernc&&t~thicl&ss
onemustfirstsetuptherelationsbetween$,8*,~d al. Forthe
displacementthicknessthereresults:

Thecalculationof theinte~alsgives:

G* () f?‘=1-K2-fi =g*(K)51

Forthemomentumthicknessoneobtains:

4

/

m
~= (F1+RT2)(1-’F1-~2)dq

o

1!
51— = Co+ CIK+ C2K2= g(K)

Thecalculationoftheintegralsgives:

(15)

(16)

(17)

(18s)

.

w
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/

m 1+~
@=- 12 63

F22drI=-3+~-~— = -0.02z58 (180)
o

(
-1+*)2

Hence

c1-C2=2 - : = 0.09014

Thusthereis

4
~ + O.0665&-0. 0235&2= g(K)65=2 (17a)

Fortheformparameteroftheboundarylayer~ofiles 8*/$ used later
oneobtainstherefore

1L* . c)-K 2-$
1- 0.09014K

19
~ + CIK+ & =~ + 0.0665&- 0.0235~

Furthermorethereresultsaccordingtoequations(11)and(17):

(19)

(20)

Thefunctionsg(K),~*@ and Tobl/vU
representedinfigure4 andtable2.

Inordertoderivefromequation(5)
for ti(x)onewritesequation(5)inthe

accordingtoequation(1.1)are

a differentialequation
fOrm

(21)

FurthermoreoneintroducesaccordingtoHolsteinandBohlen(referencel:)
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and

With

then

-Vod
—=Kv 1 = Llg

—

iSvalid.Withequaticms(22)to(25)aswelJ.asequation(20)the
differentialequation(21)istransformedinto

[ 1()1- K2-$
*u&+ 2+

g(K)

Ifonefinallyputsforabbreviation:

K+ ~ = f(K)

thedifferentialequationfor Z(x)becomes:

(22)

(23)

(24)

(25)

(28)

?

.

.

(26)

(27)

9
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c
IfthefunctionG(K,~1) isknown,theintegralcurve

canbecalculatedfromthisequationbymeansoftheisocline
z(x)
method.

Forcarryingoutthecalculationinpracticeitisusefulto
introducedimensionlessquantities.Oneformstherewiththeaidof
thef’reestreamvelocityU. enda lengthofreferenceZ (forinstance,
chordofthewing).Thusoneputs

ZuO r-TO(X*) U*Z
~*=T; ~*=$ —

Uo T = fl(x*)

Thenequation(28)becomes:

(29)

(30)

ThefunctionG(K,~1) iscalculatedasfollows:First,oneobtainsK
and K1 asfunctionsof h end Xl fromequations(22)md (23),if
onetakestheconnectionbetweenK and k,Xl accordingLoequation(1~)
into

From

considerateon:

equations(27)and(31)follows:

(32)
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(-:)-”gF(L,@=l+Kl -&4-d-h(33)
HenceG canbecalculatedfirstasfunctionof k.XI and then,
becauseofequation(31),alsoasfunctionof k,R1.*

ThefuctioneE(X,Al) and IC1(X,kl) arerepresentedinfiWe 5
andtable3. ThefunctionthusdeterminedG(K,Kl) isgivenin
figure6 andtable3.

(c)StagnationPointandSeparationPoint

Thebehaviorofthedifferentialequation(28)atthestagnation
pointwhereU = O requiresq~ecislconsiderations.Inorderthatthe
initialinclinationoftheintegralcurve(dz/dx)0-atthispointbe
of finitevelue,G(K,~) mustequalzero.Thisgivesthecorresponding
initialvalues%> ~lo’Sincethefunctiong(K) doesnothavea zero
forthevaluesof K considered(cmnparefig.4)thedetermination
oftheinitialvaluesI$o,lcloemountstothezerosof

F(ko,Xlo) = O (34)

Theresultinginitialvalues atthestagnationpointXo,Xl. We given
Intable4,togetherwiththeinitialvalues%9 ~lo calculated
additionallyaccordingtoequation(31). Toeachpairofvalues~o~~lo
correspondsamasscoefficientofsuctionwhichresultsfrom

~o’ -vo(o)t90
yuo’ =Ico;— =IClov

as

Infigure7 theinftialvslues~. and ~~o areplottedagainstthe
localmasscoefficientatthestagnationpoint.Theinitialvalue 20
correspondingto ~. isobtainedby

.

*
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Ico
zo=—u~‘ (35)

Thefollowingconnectionexistsbetweenthedistributionfunctionof

-*
r
Uoz

thesuctionfl(x)= T and co: Uo’=KIUo/Z,K1 being
a profileconstant.Thusthereis

and
co = -%+) -Vo(o)rUot1—— —.

m= ‘o v F

~ = f@

F
o—

1
(36)

Thedeterminationoftheinitialvaluesoftheintegralcurveproceeds,
therefore,aafollows:Withthegiveninitialvalueofthesuction
velocityatthestagnationpointf~(o)onefirstdetemninesCo
accordingtoequation(36).Oneobtainsthecorrespondinginitial
values~. and ~lo fra figure7,andaccordingtoequation(35)the
initialvalueZ. oftheintegralcurve.Ifthesuctiondoesnot
beginatthestagnationpointbutfurtherdownstream,Co= O;
’10= O endaccordingtofigure7

0.0709
R. = 0.0709; Z. = —

U.‘

SeparationDoint.-Theseparationpointisdefinedbythefactthat
thewellsheeringstressthereequ-szero.Thisgivesfor K, according
toequation(11)$thevalueK = -6— = -2.099.Fortheasymptoticsuction

6-R
profileK = O; thisissimultaneouslythegreatestpossiblevalueof K.

-Y1ToK= -2.099correspondsthevalueL = — = -1.099forall Ll, and
6-x
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K= -0.0721forall ~1.
boundarylayercalculation
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However,ifonewouldwanttocarrythe
uptothispoint,certaindifficultiesresult

in the last-pertshortlyaheadofthis-point,sincethecorrelation
betweenK and L isnotunequivocalthere(comparefig.4). The
functionG(tc,ICI)~ainSt K alsoisnotunequivocalshortlyehead
ofthispoint.Thusitisusefultoselecta pointsituatedscmewhat
furtherupstreamasseparationpointwheretheboundarylayercalculation
hastostop.Sucha pointresultsifonechoosestheR- valueofen
exactseparationprofileaccordingtoHertree(reference13). Forthis
latterthereis:

separation:
()

~A= gg
VtiA = -o*06a2 (37)

One.definesthispointesseparationpointofthepresentboundary
layercalculationforallmasscoefficientsofsuction.Thefollowing
tableRivesa surveyoftheveluesof d end 5* attheseparation
pointForfourtiff&entcalculationmethods:

—

$21=K ~dCase @ = kA* 5:@J A +

Newmethod:(sine(-O.0’721) (-1.55) (4.64)approxbmtion)

PohlhausenP4
(reference15) -0.1567 -L.92 3.50

ExactHartree
(reference13) -0.0682 -1●22 4.03

ExactHowarth
(reference14) :0”‘U1 -1.25 3.84

Theselectionoftheseparationpointthusmadeissomewhatarbitr~;
however,itmaybeacceptedunhesitatinglysince,asiswellknown,the
approximationmethodsfortheboundarylayer calculationintheregion
ofthepressurerisearealwayssomewhatuncertainandonlya rough
estimatebutnoexactcalculationoftheboundsrylayerparametersis
possiblehere.Forthesamereasononem& alsoacceptthefactthat
forthepresentcasethevelocitydistributionu/U.partlyassumes,
shortlyaheadoftheseparationpoint,valueswhichare.sllghtly
lergerthanl.

8

●
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(d)Performance
Q

17

oftheCalculationfortheOeneralCase

Bymeansofthesystemofformulasgivenabo~eonemayperformthe
calculationoftheboundarylayerforanarbitrarilyprescribedbody
shapeandanarbitrarydistributionofthesuctionvelocityalongthe
wallintheflow.Ittakesthefollowingcourse:

To thedistributionofthesuctionvelocity-Vo(x)corresponds
thetotalsuctionquantity

f

1
Q= PO(X) dX= ‘CQUobZ

I.1X=o

andthereducedmasscoefficient

.

andthereducedsuctiondistributionfunctionaccordingtoequation(29):
&

F
-VO(X*)U02

fl(x*)= U. T

“

.

Thusthereis

11
CQ*= fl(x*)@*

*=O
(39)

Ifzhesuctionbegtneatthestagnationpoint,onedetermines

withK1= ~
(3UOGO themasscoefficientCo attheszagna=ionpoint

accordingtoequation(36).ThenoneobtainsICoand ~lo from
figure7 and 20 accordi

?
toequation(35).Withtheseinitialvalues

thedifferentialequationSO)cannowbegraphicallyintegratedbymeans
ofthediagreminflgiie6. Thecslcqfiat!oniscarriedczkuptothe
pointwheretcreachesthevalueKA = -0.0682.Thisintegra$.io~

ImmediatelyyieldsZ*, k, ~1 asfunctionof x*, with



NACATMNO,1216

(40)

Theremainingboundarylayerparametersthenresultasfollows:
Bymeansoffigure5 oneobtainsafterICend ~1 thepzremetersA
and xl andadditionallyfromfigure3 theformammeterK.

7
AfterK

oneobtainsfromfigure4 theformparameterE*$ andthus

FrOIIIequation(20)one thenalsoobtainsthewallshearingstressTo

(40a)

Finally,theparameteral isrequiredforthevelocitydistributionin
theboundarylayer. Accordingtoequations(6),(7),and(40):

(41)

ExemplesofsuchboundarylayercalculationsaregiveninchapterVI.

v. SPECIAL CASES

A.WITHOUl?SUCTION

Ourgeneralsystemofformulasistobespecializedinthissection
fora fewtypicalspecialcasesforwhichone can partlygivesolutions
inclosedform.First,thecasewithoutsuctioninparticularshallbe
treatedforwhich,naturally,ourequationselsomustgivesatisfactory
results.Thiscaseoneobtainsfor “Jo(x)= o; then .
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?bl= o; ~1E o (withoutsuction)

endequation(14)Istransformedinto

K= 71.-1

19

(42)

Therewith,accordingtoequation(17):

=; + 0.06656(h-1)-0.02358(x-1)2(43)

Thedifferentialequation(28)forthemamentumthicknessbecomes

.

dZ_ =G~;
dxu

Ic.m’

G(K) is,accordingtoequation(32)SIId(33):

G= %m)

F(L)=l+(X- 1)(1-g) -2A[:+ c~(x-1)+ c@ - 1)5

[
-lLl+ (l- k)(2-q

F(h)= (-2c@3 + 2C2- 2 + :) ’2+(’-@’+%

.
Furthermore,accordingtoequation(31):

“

(44)

(45)

(46)

(47)
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Thevaluesof G and ~ calculatedaccordingtoequations(43),(4>)j
(46), (47)eregivenintable3.

(a)ThePlanePlateinLongitudinalFlow

Theboundarylayerattheplateinlongitudinalflowwithoutsuccion
(Blasiue)withU =U. isobtainedfor A = K= O. Then,according
toequations()+2)to(46):

K=-1

F(O,O)= ~

(JG(0,0)=2~$-2 =2-~ =0.429
)

Withtheinitialvalue20= O theintegrationofequation(h4)then

gives: 2,‘m): ‘r

(48)

Fortheformpereneter5*/O followsframequation(19):

(49)

+
* -2= 2*— = 2.66

4 -n
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andthusforthedisplacementthickness

5*=(fi-2)
Fr

2 v~
rfi Uo

Forthecoefficientofthetotalfrfction

plateofthewidthb endthelength
ti~

obtainsbecauseof cf= —z

Finally,thevelocitydistribution1s,
-

o<q<3: u=

w~
arsgcf=— B

ofthe
Uo%1

wettedononeside,one

rv
=1.308—

1Uoz
(52)

accordingtoequation(10),

(54)

Infigure8 thevelocitydistributionaccordingtoequations(53)
and(>b)iscompsredwiththeexactsolutionofBlasius;theagreementis
Vel~good.Furthermorethecharacteristicsoftheboundarylsyeraccording
tothepresentapproximationcalculationarecomparedwiththevelues
oftheexactsolution ofBlasiusinthefolltingtable.Forfurther
comparisonthe~aluesaccordingtotheapproximationmethodofPohlhausen
(reference15)slsohavebeengiven.Theagreementofournewapproxi-
mazinnmethodwiththeexactsolutionisexcellentforellboundarylayer
psraeters;thedragcoefficient,inparticular,showsanerrorof
only2 percent.
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CoefficientsoftheBoundary

inLongitudinal)?1ow

NACAw NO.1216

LayerattheFlatPlate

WithoutSuction
I I 1 I I

Calculationmethod ,*E ,@ y .($)+ ~;

Newmethod(sine
approximation)1.7ko 0.65’5 2*66 1●310 0.215

PohlhausenF’4
(reference15) 1●750 o*685 2.55 1.370 0.234

Exact(Blasius) 1.721 0.664 2.59 1.328 0.220

Thedeviationsofour sineapproximationfromtheexaotsolutionere,
formostcharacteristics,evensamewhatsmallertheninthePohlhausen
method.

Fortheplane
flowu(x)= u~x.
independentofthe

e

(b)ThePlaneStagnationPointFlow

stagnationpointflowthevelocityofthepotential
Allboundaryleyer characteristicssreinthiscase
lengthx. Theinitialvslueofthemcmentum

thichessZ. isobta&d frcmequation(44)for G(RO)= 0. Sinceg(K)
doesnotvanishintherangeofthevaluesof K considered,there
mustbe )?(AO)= 0. Man equation(46)onefindsaszeroof F(X)the
value

Lo=0.3547(stagnationpointwithoutsuction) (54)

Thecorrespondingveluesof K and ICaccordi~toequations(42)
and(47)ere K.= -0.6k5~and R.= 0.07093furthermorethereis,
accordingtoequetion(43):g(ho)= 0.447.Therewiththemomentum
thicknessfortheplanestagnationpointflowbecomes:

(55)

Theformparemeter5*/$resultsfromequation(19)as 15*/~= 2. 37;
~herewithonehas
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8*= 2.37&
fi”0m6’OE

(56)

Furthermore,
resultsfrom

accordingtoequation(43):al= 0.595{$” Thusthere
equation(n) forthewalJ.shearingstress:

(57)

Thevelocitydistributionresultsframequation(10)es:

J (58)

?123:&=l -o.3574e-~

with

(58a)

Figure8 ivesa cmnparisonbetweenvelocitydistributionaccordingto
fequation58)andtheexacteolutionbyHiemenz(reference12);herealso

theagreementissatisfactory.Furthermorethecharacteristicsofthe
bounderyleyeraccordingtothepresentcalculationereagaincapered
withtheexactsolutionbyHiemenzendwiththeapproximatecalculation
byPohlhaueeninthefollowingtable.
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Coefficientsof

Stagnation

theBoundaryLayer

PointFlowwithout

NACA~Noe 1216

ofthePlane

Suction

ICalculationmethod
I’F15*FI$WI t

Newmethod(sine
approximateon) 0.266 0.630 2.37 1.163 o*310

PohlhausenP4
(reference15) 0.278 o*641 2.31 1.19 0.331

Exact(Hiemenz) 0.292 0.648 2.21 1.234 0.360

Theagreementofthenewmethodwiththeexactsolutionisforthis
casesomewhat
quiteasgood
methodyields

lesssatisfactorythanfortheplaneplate;neitherisit
astheapproxlmationofPohlhaueen.Butevenherethenew
stillveryusefulvalues.

B.WITHSUCTION

Inthissectiona fewcaseswithsuctionwillbetreatedforwhich
thesolut1onecanbegiveninclosedform.Firstweshalltreatthe
boundarylayerattheplateinlongitudinalflowwithhomogeneoussuction,
alreadyinvestigatedformerly(reference6). Thefollowingresultsare
considerablymoreaccuratethanthoseformerones.

(a)GrowthoftheBoundaryLayerforthePlate

inLongitudinalFlowwithHomogeneousSuction

Forthiscasetheboundarylayerisatlargedistancefromthe
leadingedgeoftheplateinde~ndentof x; hence&U.boundarylsyer
parametersareconstant.Thecorrespond

?
asymptoticsolutionhas

beengivenalreadyinequations(3),(4),ka).Theapplyingvalues
are:

(59)
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Onenowcalculatesthegrowthofthebound~ layerfrcmthevalue
zeroattheleadingedgeoftheplatetothegivenasymptoticvslue.
InOW systemoffOrlllti~Onehastoputforit:

Therewithbecm.uesaccordingtoequation(14)withtheabbreviation

l-&c =o.4764 (60)

K=
Al-1
1- C?bl

andaccordingtoequation(17)

i? Po+ Plkl+ P2A12
— = g(o,Zl)=51 (1- CA1)2

with

~ + $ = 0.40986Pcj= -2

Furthermorethereisaccordingtoequation(16)

(a)

(@)

(@a)

(63)
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Thewellshearingstressbecamesaccordingtoequations(J-l.)and(13):

Thedifferentialequation(28)assumesfor

dz G(O, ‘1) rz.=—●

& U. ‘
‘~1n -V.~;

thepresentcasethe

‘o= Constsnt< 0

(a)

form:

(65)

Theintegrationofthisdifferentialequationrequirestheexplicit
expressionfor G(o,~1). Accordingto(32)and(33):

Thus G(o,~1)=Ofor Al=l. ThereforeAl= 1 isa solutionof
themomentumequation;itcorrespondstotheasymptoticsolution.The
inltielvalueattheleadingedgeoftheplateis Xl= O. Forthe
lengthofgrcdngboundarylsyerXlvariesfromO to 1.

IfoneIntroducesasdimensionlessdistanceslongtheplate

thedifferentialequation(65)canbewrittenintheform:

d(~12)— =G(kl)
d~

Initialvelue:~ = 0; ICl= O

(67)

(68)

(68a)
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Theconnectionbetween~1 end L1 isgivenby
s

~1= Llg(kl) (69)

with g(kl)accordingtoequation(62).

Thedifferentialequation(68)canbesolvedaccordingtothe
isoclinemthod. Forthe~esentcase,however,ananalyticalsolution,
too,‘ispossiblewhichispreferable.Fromequation(69)firstfollows:

(70)

Hereallquantitiescenbebestexpressedby
equationfor Al(g)results.WithdK1/dhl

& oneobtainsfromequation(70)afterdivision
doesnotdisappeerintherangeo<k~<l:

8
(71).

(7M

intheneighborhood

Initialvalue:g=o: Xl=o

62Becauseof g(o,o)= P.= ~ -a oneobtainsfr~ it
of 3=0, Al=o:

(72)

(73)
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Hencefollowsfortheneighborhoodoftheleadingedgeoftheylate
(E= o)

5*
Becauseof — =51 3 -$ followshence:

or

Asthecomparisonwithequation(51)shows,theboundarylayerthiclmess
starts,therefore,attheleadingedgeoftheplatewiththevaluefor
theplatewithoutsuction.

Inordertointe~atetheequation(71),onehastoinsertthe
explicitvaluesof g(l.1)end dg/dhlaccordingtoequation(&’).
Aftersomeintermediatecalculating(compareay~ndix1)oneobtains

with

P.=

PI=

p2.

p3=

PO= o.4og86 )

}

2pl + FIoc= -0.4667 ‘

3P2= 0.17457

-cp2= -0.02772
)

(74)

(75)
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ff

Thebreakingupintopartialfractionsyields:

TheintegrationwiththeinitialvalueLl=o for g = O yields

The Kl,....K4 resultfromthebreakingupinto
m

‘1 = -6.9760;~ s 3.47o4;K3~ -o.2284j

.

29 ,

Al K4
-K3c~l-l—+~ in(1- CAL)= f(kl)

.

Thusthesolutionfinallyreads

E.= -O.25@A1-6.956Zn(1-Ll)+ 7.2846Zn

(77)2

partialfractionsas

K4 = -0.1569 (78)

(1-O*909%1)

AI
+ 0.2284

0.476W1- 1
- 0.3293h (1- o*4764X1) (79)

‘Fordevelopmentofthissolutionin.theneighborhoodof ~ = O,
Al= o, thecoefficientof L1 must,becauseofequation(73),equalzero;

thecoefficientof k12
()

363musteq,ue.1; ;- ~ = 0.391.Theresultis:

Pg
.3-Kl- $2 +K3 -K4=o (77d

(77%)

Wi~hthenumericalvaluesofequation(78)onemayverifythatthese
equationsaresatisfied.
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ThesolutionXl(~)calculatedaccordinglyfsgivenintable5.
From Ll(~) allremainingboundarylayerparameterscanthenbecalculated
immediatelyaccordingtoequations(61),(@’),(63),ad (64).TheyalSOare

-v@* 8* T05*
givenintable5. Infigure9 ~, ~ end — areplottedagainst~.

Vuo

Thedisplacementthiclmessoftheboundarylayerreaches0.95of
itsasymptoticvalueafteranextentof thegrowingboundarylayerof

oeA= ~ 2 U-A= 4.5.
U. v Thevelocityprofilesinthegrowingboundary

-v@
layerintheplottingu/U. against— = @q arereyesentedin
figqre10. Forthewallsheeringstres~oneobtainsframeQuati.one(64)
and(ha):

Thewallshearing
of&*

Drag.- Inviewof
laminarboundarylayer

stressisplottedinfigureU asa function

thereductionofthedragbymaintenanceofa
thefrictiondragintheextentofgrowing

boundarylayerisofparticularinterestforthissolution;For-the
asymptoticsolutionthe100alfrictiondrag&Longthewallisconstant
with Tom= ‘~Vo~o; thusthecoefficientofthetotalfriotlondreg
alsoeq.~sthlevalue

(a)

Forsmallsuotionquantities-Vofio
lqyerisscmetimessolargethatthe

theextentofgrowingboundary
grmhhisnotfinishedbyfar_atthe

endoftheplate.Accordingtoformerinvestigations(references8 and10)
itistobeexpectedthatforhomogeneoussuctionattheplatethe
maintenanceofa laminerboundary~~er ispossibleevenforReynolds
numbersoftheorderofmagnitude
suctionquantityoftheorderof
~d ‘?!2. 107or 108 me has

(J
2 Urez=;~ v = 0.1or1, that

‘~ = 107 to 108 witha verysmall
magnitudeCQ= jjj= -410-4.For ~~ =10
attheendofthe-plate

is,thegrowthoftheboundaryl~er
isno~finishedbyfar.



Sincethefrictionlayerovertheextentofgrowingboundarylsyer
isthinner,thefrictiondragthereisconsiderablylargerthanforthe
asymptoticsolution.F= thisreasonthecalculationofthedragover
theextentofgrowingboundarylayer will begivencompletely.

Thetotelfrictiondragfortheplatewettedononesideis:

andwiththevalue of To accordingtoequation(&))andwith To=
accordingtoequation(4a):

(%2) ‘

2V

rQ)
With dx= v-o ~ d~ accor~ toequation(67) thisequationbecomes:

with ~t signifyingthevalueof ~ attheendoftheplate,thus:

(83)

(w)

Thereinhlo signifiesthevalueof kl attheendoftheplatewhich
isobtahedfrcunequation(77)for~ =i5z;therefore

’10 K4
— + ~ 2n(1- cxlo)
Cklo-1

(85)
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Introducinginequation(83)for dk— = f;(~l)theexpressionaccordingd?q
toequation(76)oneobtains:

W = pbUo2 ~(xlo)

$

w
Cf=pz -VVZF(AIO)= 2—

~Uobz o

withF(AIO)signifying

(86)

(m)

Finallyintroducing~ =~~ f(klo)accordingtoequation(~) into

equation(86)oneobtains

or

‘f= cf@G(xlo)

Becauseoftheconnectionbetweenk~o and ~z accordingto
equation(8k),thetotaldragcoefficientfortheextentof~owing
boundarylayeristherebygivenasa functionofthedimensionless

(88)

.

w

2 uo~
distancealongtheplate

()
k~= ~ ~. Ontheotherhand,equations(~)

o
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and(88)giveforprescribedmasscoefficientofthesuction-V.bo
● thedraglaw cf alsoagainstUoZ/Vintheformofa parameter

representation.TheparameterAlo isthedimensionlessboundary

()

-V051
layerthicknessattheendoftheplate:Al.= ~ . Thevalues

x=2
of Llo liebetweenO and 1, thefirstvsluebeingvalidatthe
leadingedgeoftheplate,thelatterfortheasymptoticsolution,after
thegrowthoftheboundarylayerhasended.

ThecalculationoftheintegrelF(klo)accordingtoequation(87)
gives(appendixII)

- (-K3+K4)~- (89)
- Cklo

and KI,...YK4 arec is, accordingtoequation(60),c = 1 ‘~,
givenbyequations(75)and(78).Afterinsertionofthenumerical.values
accordingtoequations(~) and(78)fo~ows:

F(klo)= -0.3288Zn (1- 0.4764x10)- 6,956Zn(1 - XIO)

+ 7,28k6

-0.0374

h (1-O.9O99X1O)

O.4764A1O O.4764L1O(2 - O.476Q1O)
1-

- o.059&)
o.4764klo (1 - 0.4764X10)2

Thevaluesof F(LI.0) and G(LIO) are givenintable6. For hlo~l
thatIs $ ~CO (growthofboundarylayerended)onehas,ascan

immediatelybeseenfromequations(@) md (77):
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F(XIO)
xl~+l: — = G(AIO)= 1

f(xlo) (@a)

andthus cf~ c% for ~t~m. Ontheotherhandonehasinthe
neighborhoodoftheleadingedgeoftheplate,thatis,for Xlo+ O
accordingtoequation(73)

andthusaccordingtoequation(87)

Xlo+o: ‘(’lo)“G -9’1.

andtherefore

(89)

Ifonesubstitutesthisvalue intoequation(8$)andtakesintoconsideration
that

isvalidforsmsllAl. accordingtoequation(73),oneobtains
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or
●

thusthedraglawofthe@atewithoutsuctionacoordingtoequation(52).
Thedraglawofthelengthofgrowingboundarylsyeristhereforefor
verysmelllengthsofgrowingbomndary~z asymptoticallytransformed
intothedraglawoftheplatewithoutsuction.

Thedraglawaccordingtoequation(88)isrepresentedinfigure12,
wherecf/cfmisplottedagainst~z. Furthermorefigure13givesthe
draglawinthefomn cf againstUoZ/~forvariousvaluesofthe
masscoefficient-vo/uo.Thelargerthesuctionquentitythesmeller
theReynoldsnumberatwhichtherespectivecf- curvesepsratesfrom
thetiagcurveoftheplatewithoutsuctionandistransformed,aftera

-2V0
certaintransitionregion,intotheasymptoticcurveCfm= y. Yhe

o
* Reynoldsnumberatwhichthelatterisreachedisthelarger,the

smallerthesuctionquantity.

Thedragcoefficientsgivenhererepresentthetotaldragofthe
d platewithsuction.Nospecialsinkdragisadded(comparereference10)

sinceforcontinuoussuction,asinthepresentcase,thesuckedparticles
offluidhaveslreadygivenuptheirentirex-momentumintheboundary
layersothatthismomentumIscontained.inthefrictiondrag.

Inordertoobtainthetotaldragpoweroftheplatewithsuction,
however,onemust,asidefromthedraggivenhere,takeintoaccountthe
blowerpowerofthesuction.

(b)TheplateStagnationPointTlowwithHomogeneousSuction

Anotherspecialcasewhichcanbesolvedinclosedformistheplane
stagnationpointflowwithhomogeneoussuction.Sinceforthiscasethe
exactsolutionfromthedifferentialequationsoftheboundarylayerhas
beengivenelsewhere(reference9)itshallelsobrieflybetreatedhere.
Thepotentialflowis U(x)= UIX andthesuctionvelocity
Vo(x)= Vo(o)= Too<O* Iftheintegralcurveofequation(28) isto
havea finitevalueatthestagnationpointx = O, therehastobe
G(ic,~) = O;. thisinturnrequires,aswasdiscussedindetailin
chapterIVc, F(k,Ll)= O. F(X,Ll) isgivenbyequation(33).The
valuesof Lo, Alo whichbelongtogetherfollowfromit;theygivefor
thegeneralcasetheinftislvaluesoftheboundarylayercalculationat
thestagnationpoint;forthepresentcaseofstagnationpointflowthey
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immediatelygivethecompletesolutionsincetheboundarylayerthickness
andallotherparametersareinde~endentofthelengthofgrowingboundery
layerx. BesidesAl,L onefurtherobtainsK accordingto
equation(14),g accordingtoequation(17)$W/$ accord.lqto
equation(19)j~d K. ~d ~10 accordingtoequation(31).Themass
coefficientCO= ~ isobtainedaccordingtoequation(34).From ~.

m
finallyfollows3 &d therewith8*. Theresultsarecmmpiledin
tablek. Naturally,momentum,anddisplacementthiclmessdecreasewith
increasingsuctionquantity.With Co~CO theformparameter&/~

approachesthevalue2 oftheasymptoticsuctionprofile.Infigure14

4{= and 8*{* areplottedagainstCo andcomperedwiththe
exactsolution.Theagreementisquitesatisfactory.

Asconclusionoftheseconsiderationsofthespecialcasesthe
characteristicboundarylayerparametersforthesespecialcasesare
ccmpiledinthefollowingtable.



n a

BoundaryLayerRmmetersforVariousSpecialCases

CaOe I K

PlatewithoutsuctionI -1

Stagnationpoint flow
withoutmotion -0.6453

(Separationpoint
calculated) -2.099

Separationpoint
accordingto H&ree If(k, k~)

Asymptoticsuction
profile I

o

A

o

0.3547

-1.099
eorall kl

f(kl)

o

-t

Al E

o 0

0 I 0.0709

tcl

o

0

f(CQ]

d CQ)

-y-
2

fj*

~

1.089

1.058

l.l&

f(cQ)

1

a ~
Fl=g 3

0.410 2.66

0.447 2.37

0.256 4.64

dcQ) 4.03

$ 2

—.

VT. XX AM PLESS

~ thissectionthenewmethod6hsllbetriedona fewmoreexau@.eB.

(a) C~rcularCyll.nder

Asfirst examplethecircularcylinderwithhamgeneoussuctionhasbeencalculatedfor
varioussuctionquantitiesCo. Theresults(~splacementthickness5* andformparameterK)

--—.——— . . . .
sThenw=al calculationofthissectionhavebeencarriedoutbyMr.A.—With.

w
-1
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aregiveninfigure15. Forthecase
asseparationpoint;thisisslightly

NACATMI?O.1216

withoutsuctioncp= 101.7°results
furthertothefrontthanforthe

custo&ry Pohlfiausenmethod(q~ 108.9°)forwhichthecalculationwas
performedelsewhere(reference7). Withincre=ingsuctionqu~titY
resultsa reductionoftheboundarylayerthicknessanda shiftingofthe
separationpoidttowardtherear.

Inordertocompletelyavoidtheseparationforthecircularcylinder,
itisprobablyusefultoselectnota homogeneoussuctionalongthe
contour,asinthepresentcase,buta distributionof Vo(x)whichhas
considerablyll&gervaluesontherearthanontheforeside.Such
calculationsmayalsobecarriedoutaccordingtothepresentmethod
withoutadditionalexpenditureofttme.

A comparisonofthepresentapproximatecalculationwithanexact
calculationbyK.Bussmann(reference17)forthedisplacementand
momentumthicknessisgiveninfigure16. ThelattercalculationiSa
developmentinpowerseriesstartingfrcmthestagnationpoint,asfirst
indicatedbyBlaslus(reference11).Exceptfortheneighborhoodof
theseparationpointtheagreementisquitesatisfactory.

(b)SynuuetricalJoukowskyl&ofilesfor Ca= O

Assecondexamplea symmetrical.Joukcnmdcyprofileof15percent
thicknesshasbeencalculatedfcm ca= O, alsowithhomogeneous
suction.Thesuctionextendsovertheentirecontour.Thesameprofile
withoutsuctionhasbeencalculatedelsewhere (reference 7)s ~SO
accordingtothePohlhausenmethod.Here,too,a reductionofthe
boundarylayerthicknessanda shiftingoftheseparationpointtoward
therearresultswithincreasingsuctionquantity.Forthesuction
quantityco= 0.417,thatis fl(0)= 3, a separationdoesnolonger
occur■

VII. SUMMARY

A methodofapproximationforcalculationoftheleminar boundary
layerwithsuctionforarbitrarybodycontourandarbitrarydistribution
ofthesuctionquantityalongthecontourofthebodyintheflowis
developed.Themethodisrelatedtothewell-knownPohlhausenmethodfor
calculationoftheleminarboundarylayerwithoutsuction.Thecalculation
requirestheintegrationofa differentialequationofthefirstorder
accortingtotheisoclinemethod.Themethodisappliedtoseveralspecial
casesforwhichtherealsoexist,inpart,exactsolutions:Plateinlongi- .
tudinalflowandplanestagnationpointflowwithhomogeneoussuction.
FurthermorethecircularcylinderandsymmetricalJoukowskyprofilewith
homogeneoussuctionwerecalculatedasexam@es.

TranslatedbyMaryL.Mahler
NationalAdvisoryCommittee
forAeronautics
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APPENDIXI

ConcerningtheLengthofGrowingBoundaryLayerforthel?laePlate

withHomogeneousSuction

Accordi~toequation(’jl)is

“[+’’%)%=“‘“):-. (71)

Fromequation(&2)onefinds:

pl+ 2CP0+ (TLC+ 2P2)XJ
= (1,1)

(1- c@

-Substitutionofequations(I,l)and(62)intoequation(71)gives:



and after multiplicationby (1 - Al):

q

[
~ P()+ (*Pi+ CPO)A1+ 3@12
(1- 0?.1)

-.*,3] =(1 -,,)$ -CA,)~

with

(74)

t
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APPmlx

ConcerningtheCs3cUlationof

41

II

theDragofthePlanePlate

withHomogeneousSuction

Thecalculationof

giveswith f ‘(AJ

A

accordingtoequation(76),if is replacedby

(87)

/

~lo (I.Z

(c. - :); +K
Z1 - Cz) 3

Z=o(Cz-1)2Z(1-Cz)

dz
(Cz-1)2Z

=1+11 +111+ 1’V+V (11,1)

Theintegralseresolvedbybreekingupintopertislfractions.One
finds:

[

1 ho
11=-’1 Znz+ — 2D (z -1)+1+-

-1 ( Jz~ Za
c -c

Z=o

z,



NACATMNo.1216

-[ 1ho
Iv

1 1 1=Kq Znz-tn(cz-l)-=l+ —
z (C2-1)2 o

[ 1hoV=K4 1-Znz+— + In(cz-1)
Cz-1 0

[1‘1Q
Whensunmmdup,alltermswith k z canceleachother,becauee

o
ofequation(77a).Afterineertl.onofthelimitstheremainingtermegive:

b’ -~!l:”=‘n(l-chlO);P’-II:”=‘n(l-’10)

CA10(2- CAIO)

(1 - CA10)2
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Thusthereresultsbysimplificationfromequation(11,1):
●

ch10(2- Cklo)
- (.-K3+K4) - + ~

1- (1 - CX10)2
(~)

Cklo

43

*

f



44 I’?ACATMNO.1216

APFENDIXIII

Topage30.-Table10givesthenumericaltableconcerningthe
velocitydistributionoffigure10.

Topage35.-Fortheboundaryontheplateinlongitudinalflow
withhomogeneoussuctiontheexactsolutionfromthedifferential
equationsSJ.SOwasgiveninanunpublishedreportbyIglisch.A
com~isonoftheapproximatesolutionabovewiththatexactsolution
isgiveninfigures18and19. Figure18givesthecomparisonofthe
displacementandminentumthickness;particularlyforthedisplacement
thicknessthe~eement is good.Figure19givestheccmymrisonforthe
wallshearingstress;herealsotheagreementissatisfactory.(sofar,
thesecomparisonscanbecarriedoutonlyforthefrontpartofthe
lengthofgrowingboundarylayer,upto ~ = 0.7, sincetheexact
solutiondoesnotyetcompletelyexist.)

8

.
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TABLE1

THEBASICFUNCTIONSF1 AND F2

FORTEEVELOCITYDISTRIBUTION

~TEEBOUNDARYLMER

WITHSUCTION

l-l.& q

o
.2
.4

:;
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0

:::
4.5
5.0
6.0
7-O
CQ

o
.1813
.3297
.4512
.5507
.6321
.6988
● 7534
-7981
.8347
.8647
.8892
● 9093
.9257
● 9392
.9502
.9698
.9817
.9889
.9933
● 9975
.9991

1

F2

o
.0768
● 1221
.1423
.1452
.1322
*lU2
-.0843
*0551
.0263
-●0017
-.0240
-.0416
-.0524
-.0552
-.04g8
-.0302
-.0183
-.o111
-.0067
-.0025
-.0009
0

47
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TABLE2

PARAMETEROFBOUNDARYLAYERWITHSUCTION

-K I~=k51
Lo

.1

.2
●3
.4

●5

0.5
● 4931
.48S
● 4779
.4@6

.4608

.4516

.4472

.4419
● 4317

●9
‘1.0
1.1
1.2
1*3

●@lo
● @99
: :;:

.3736

1.4
1*5
1.6

;:;

.3606
● 3471
“333
.3186
● 3037

1.9

$: ;99

.2883

.2724

.2562

1

1.009
3..018
10027
1.036

1.045
1.054
1.058
2.063
1.072

I.oa.
1● 090
1.099
1.108
1.117

1.I.26
1.135
1.144
1.153
l.le

1●171
1.180
1.189

t

&J T051

8— vu

21
2.05 .9524
2.10 ●9047
2.15 .8571
2.23. ● 8094

2.27 .7GL8
2.33 .7142
2.37 .@26
2.41 ● 66@5
2.48 ● (5@

2.57 ●573.2
2.66 .5236
2.76

:;Zg2.87
2.99 ●3807

3.12
●3330

3.27 .2854
3.b3 .2378
3.62 .1901
3.82 .1425

4.09 .0948
4.33 .0472
4.640

asymptoticsuctionprofile.
%%mgnation’pointwithoutsuction.
CPIS.& plate-without suction.
%eparationpoint.

-
To?!

Ilu

).5
.4696
.4393
.4og6
.3801

.3510

.3225

.3097

.2945

.2672

.2405

.2146

.1895

.1654

.144.

.1201
● 0991
.0792
.o@6
.0433

.0273

.0129
3

,
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*

A

TABIE3

THEl?UliCTIONG(~,~l) FORTHEmmIoN

OFTHEDll?FEN21Vl?IALEQUATIOIl

OFTEEMOMKllKMTHIcKmss

q = O withoutsuction

0.50
.45
.40
::;47

.25

.20

.15
● 10
*05

o
-*1
-.2
-.3
-.4
-. 5
-. 6
-.7
-. 8

9
-;:0
.1.099

—

O.loe
● 0937
.o&6
● 0709
.0586
● 0477
●0373
.0273
●0177
●0086
0
-.0159
-.0298
-.0419
-.0520
‘.0602
-.0666
-.0711
-.0738
-.0748
-●0742
-.0721
-.06%2

E(K,q)

-C).2042
-.1323
-.oa
o
.0729
●137!5
.2001
.26o7
.3191
● 3753
.42g2
● 5301
.(3213
● 7023
● 7730
.8330
.8820
@l;:

.9a7

.9656

.9584

O*5
.4
“3

o
.2
.1

0
-.2
-.4
-.

;
&

L
o*5
.4
“3
.2

●1
o
-.2
-.4
-.

;
-;: 099

0.206
.210
● 215

●221
.227
.235
.250
.270
.290
.320

+

a55-
:415
.424
.432

.443

.454

.480

.515
● 557
.620

Ic

0.u32
● 087’5
● 0627
.0520
.0401
.0190

0
-.0330
-.0550
“•0710
-.0775
-
2

*

.0674
● 0431
.0350
● 0205

0
-.0355
-.0590
-.0770
-.0835
-.0721

-0.333
-.192
-.057
0
.072
.190
● 300
● 490
.635
.742
● 792

*

*
-.310
-.172
-*095
o

● 077
● 188
● 370
.516
● @o
.657
.558

,
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TABLE3 - Concluded

THEFUNCTIONG(~,@ FORTHEm_ION

OFTEEDIFFERENTIALEQUATIONOFTHE

MOMENIWMTHICKNESS-Concluded

12I.6 .

w

0.5
.4
“3
.2
.1

0
-.2
-.4
-. 6

8
-i: 099

0.4
“3
.2
.1

0
-.2

4
-;: 099

& c ().3
A

?bl

0.590
;&x&

.622

.637

.652

.688

.738

.808

.892
1.172

K IG(R,d

0.1292
● 100
.0722
.0463
.0222
.0192

0
-9,0380
-.0660
-.0830
- ● 0910
-.0721

%+-

0.770
.@2
● 800
● 815

.835
● 8’75
.95

-0.542
-.400
-.265
-.136
-.016
0

● W9
.294
.438
.520
● 555
.358

0.1068
● 0777
● 0500
● 0202
.008

0
- ● 0415
-*0730
-.0721

G(%~l)

-0.460
-.324
-.200
-*o&
o

● 035
.232
“375
.158

0.4
“3
.2
.1

0
-.2
-.4

-1.099L0.935 0.113
● 950 ● o&a
.965 .0538
.982 .0220

1.0 0
1.045 -.0460
1.115 - ● Oao

-.0721

G(‘,~)

-0.475
::-g

- ● 100
0

● 195
.320

-.042

0.3
.2
.1

0
-.2
-.4

1.u6 0.088
1.I.22 .056
1.135 ● 020
1.154 0
1.200 -.048
2..254- ● 086

,
K1= 0.7

G(K,I@

-().327
-.206
-.072
0

●190
● 340

L ?q K G(R,R1)

0.3 1.294 0.089 -0.125
.2 I. 292 .059 -.082
.1 1.296 .030 -.005

0 1.304 0 ● 08g
-.2 1.338 -=054 .2g2
-.4 1● 401 -.096 .402
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o

.2

.4

.5

.6

.7

.8

~

I 1

TABLE4

IKD!dLVALUES (IFTEEPLANEsTAfXWTIONI?OIWFL(WWITHSUUTION

).

0.355

.26?

.177

.139

.100

.o@

.042

0

K

-0.645

-.620

-.530

-.473

-.420

-.346

-.2~G

o

0.447

.452

.459

.4@

.474

.481

.500

Ico

0.0709

.0536

.0372

.0299

.(Y?19

.0155

.0098

0

.0904

.18+

.29.

.281

.332

.36

.500

co

o

● 3W

.953

1.345

1.900

2.67

3*B

m

ry~UJ

d v

2.37 0.266

2.33 .232

2.28 .193

2.25 .173

2.22 .148

2.18 .U5

2.).2.Ogg

2 0

0.633.

.540

.440

.389

.329

.271

.ao

o

0.595

.513

.420

.374

.316

.264

.206

0

To

IYuK

1..163

1.39

I.78

2.07

2.53

3.16

4.26

m

ul
P
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.

INLONGITUDINALFLOWWITHHOMOGENEOUSSUCTION;

IENGTHOFGROWINGBOUNDARYIAYEH

~ F& ~y

‘% ~

1.090 2.66
1.089 2.65
1.088 2.64
1.087 2.63
1.086 2.6?

1.085 2.~
I. 083 2.58
1.083 2.55
1.077 2.53
1.074 2.50

‘o
-pvouo

E

o
0.00017,
.00066
● 00154
.00293.

-K

o 0.572
.0218 ;~~6
.0435
.0652 .586
.0869 .591

.1085 ● 597

.l&4 ● ao

.2159 .625

.2692 .640

.3221 ● 656

0
.02
.04
.06
.08

● 10
.15
.20
.25
● 30

1
9989
.979
.968
.956

m
~6.43
L3.34
8.98
6.80

0
● 0131
.0257
● 0392
.0540

.0676

.1068

.1426
● 1845
.227

.00456
● o1.139
.02037
.0341
.0517

.945

.926

.884

.851
*817

5950
3.76
2“89
2.38
2.o4

1.80
1.6!.7
1.481
1*375
1.290

.0783

.u24
*1551
.2127
.2879

.3883

.5209

.7091
●9756

1.373

● 780
● 741
.700
.656
.ao

“35
● 40
● 45
● 50
● 55

1.070 2.47
1.067 2.44
1.063 2.41
1.059 2.37
1.055 2.34

1.050 2.31
1.ok6 2.27
1.041 2.24
1.035 2.20
1.029 2.16

1.023 2.12
1.016 2.08
1.008 2.o4
1● 003 2.02
1.002 2.01
1 2

.3746 .673

.h267 ● 690

.4784 .707

.5296 .728
● 5tk12 .749

.280
“335
.394
.ka
.536

.65
●65
● 70
● 75
.80

● 560
.507
.450
“389
.323

.6303 ● 770

.6797 .793

.7’284 .817

.7763 .843

.8233 .871

1.222
1.167
1.122
1.086
1.058

● &!4
.722
.842
.988

L.172

L.41.6
L.7&
?.415
z.250
3.835

Ca

2● 007
3.163
5.840

LO.556
14.733

CQ

.85

.90
● 95
.98
● 99

1.00

.252
● 175
● 091
● 037
● 019

0

.8693 .900

.9142 ● 931

.9578 ● 964

.9833 .985
● 9917 ● 993

L 1

1.035
1.018
1● 007
1.002
1● 001
1

.



NACATMNO.K216

TABLE6

DRAGLAWOFTHEPIANEPLATEINLONGITUDINALFLOW

WITHHOMOGENEOUSSUCTION

o
.01
● 02
● 03
● 04
.06
.08
● 10
● 1!5
.20
.25
● 30
“35
.40
.kp
.50
● 55
.60
.65
● 70
● 75
.&
.85
.90
● 95
.98
● 99
.992
.994
●996
● 997
.998
● 999
● 9995

1

E = ml)

o
.0000406
.0001706
:000300

.001535
● 002909
.00456
● 01139
● 02037
.03405
.05172
.07833
.13.24
● 1551
.2127
.2879
● 3883
.5209
● 7091
● 9756

1.3731
2.0075
3.1630
5.8403

10.556
14.73
16.15
18.01
20.69 “
22.&?
25.37
30.11
34.90

m

o
.004665
.oo88a~
.012732
.0166?3
.02646
.03608
● 04719
.07427
.105o6
● 13949
.18066
.23006
.2872
“3539
● 4357
● 5357
.&ilk
● 8199

1.0347
1.32&
1.7538
2.4165
3.6018
6.3098

n. 043
15.23
16.64
18.51
21.19
23.12
25.87
30.61
35.40

*

G(kl)

L&2
52.08
34.56
23.14
17.29
12.40
10.35
6.528
5.159
;. $:

2:937
2.556
2.281
2.048
1.861
1.704
1.574
1.459
1.3e
1.277
1.204
1.139
l.oa
I. 046
1.034
1.031
1.0275
1.0241
1.0220
1.0196
1.0166
1.0143
1

53
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TABIX7
8

PMMMETERsKIT?THEVELOCITYDISTRIBUTION

BOUNDARYLAYERFORTHEPLANEPLATE

UVIRTHELENGTHCIFGROWING

INLONGITUDINALFLOW

WITHHOMOGENEOUSSUCTION(TOFIG.12)

R % -K E xl ~ ‘K

o 0 1 1.0 0.754 0.384

.1 ● 143 ● 919 1.4 .848 .255

.2 .267 ● 840 1.8 .902 ● in

●4 ● 453 .696 3*O ● 973 ● 053

.6 ● 590 ● 573 m 1 0

.8 .@ .467
*

u

.
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d

FORTHECIRCULARCYLINllERWITHSUCTION

55

TABLE8

RESULTSOFTHEBOUllDJUULAYERC~IONS

(a) Co= O

o
k
8

12
16
20
25
30

::
ky

%
60
65

:
80
85
90
95

100
s 101=7

o
.o@8
.1396
.2094
.2793
● 349
.436
.524
.GL1
;$!3;

.873
● 959

1.047
1.134
1.222
1.309
1.396
1.484
1.571
1.658
1.746
1.776

F22
RV

0.1883
.1884
.1888
●1892
●1897
●1913
=1944
.1985
.2030
.2073.
.2128
.2129
.2259
.2326
.2438
.2552
.2@8
.2881
.3087
●3332
.3583
::;3J

0.442
.443
.446
● 447
.448
.452
.459
● 4@
● 479
.488
.502
.522
.540
.563
● 591
.@3
.669
.726
● 790
.886

1.010
1.240
1.290

K

0.0709
.0708
.0705
.0700
.o@6
● 0668
.0685
.0682
.0675
.0657
.0641
.o&2
.0585
:0541
.0502
.0446
● 0377
● 0288
● 0166

0
-.0223
;: ;5&8

3“355
.355
● 353
“350
.348
.345
.343
.342
.340
.333
.325
.312
.300
.280
.260
.232
.202
.156
● 094

D
-.141
-.42o
-.682

-K

0.653
.653
.657
.660
.662
.664
.665
;66;

.673

.680

.690

.703

.720

.740

.7’70
● t?Q5
.50
● 905

1.000
1.15
1.34
1.44

1

,
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P“
o
4
8

12
16
20
23

%
40
45
50
55

z

E

E
90
95
100
105

S106.4

TABIX8 - Continued

RXSUI.TSOFTHEBOUNDARY-IJUZRCALCULATIONS-Continued

(b] co = O*5

i!?
o
.0698
.1396
.2094
.2793
.349
.436
.524
●a
.@8
.785
.873
● 959

1.047
1.134
1.222
1.309
I. 396
1.484
1.571
I. 658
1.746
1.833
1.854

0.1573
“1573
● 1587
.1598
● 1605
.16L9
.1634
● 1658
.l&l
.1726
.1766
.1821
.1871
.1937
.2012
.2097
.ZLal
.2289
.2470
.2683
.2883.
.3123
.3421
.3522

r~u J+
FT

0.3681
.3686
.3714
● 3739
● 37!56
.3788
● 3%24
.38&
.3966
.404
● 413
.k26
.440
● 455
.473
● 495
.515
.543
● 593
● 645
*709
.835
.978

L.004

R

0.0495
● 0495
● 0494
● 0493
.0492
● 0490
:Wg

● 0471
.0456
● 0441
● 0430
● 0403
● 0375
● 0331
.0287
● 0230
● 0170
● 0109

3
“•0144
-.0338
-.0606
-.0682

‘1

o.1.13.2
● 1KL4
.1.122
● XL30
.XL37
.=45
● 3.155
●llp
.*3.199

● 1220
.1249
● 3.288
.1323
● 1370
.1422
.1481
● 1542
.lag
.1747
● 1897
.2037
.2208
.2419
.2490

0.240
.240
.240
.240
.240
.240
.238
.234
.225
.220
.215
.208
● 195
.185
●164
●141
●1.15
.089
●057
0
-●075
-.185
-e415
-.452

0.250
.250
.250
.250
.250
.250
.252
.255
.260
.267
.275
.290
.297
.305
● 315
.329
● 350
.360
● 375
● 410
.4e
● %5
● ao
*e?

-K

0.580
● 580
● 5*
.581
● 582
.584
.585
.787
● 5$9
● 592
● 595
● 6!)1
.608
● a5
● 622
.630
*640
● 665
● 695
●735
.781
.884

L906
L.18

~
8

2.34

2.3k2

2.343

2.35

2.37

2.4o

2.67

2.84

“

w

L

n
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:
8

12
16
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
I.lo

s E;*5

TA3LE8 - Continued

RESULTSOFTRE3UUKDARYLAYERCALCULATIONS- Continued

o
.0698
.1396
.2@4
● 2793
.349
.436
.524
.611
:g

● 873
● 959

1.047”
1.134
1.222
1.309
:. ;9~
.

1.571
1.658
1.746
1.833
1.920
2.008
2.016

0.1350
.1350
.1351
.1360
.1367
91373
.1383
.1400
● 1419
.1442
.1466
.1491
.1532
● 1595
.1665
.1729
● 1795
.18fj3
.1942
.2017
.2090
.2207
.2291
.2500
.2775
.2th4

(c)

/

y UJ
Rv

0.3071
● 3071
.3074

:;%
.3124
.3146
;:;;:

.3273

.3328

.3385

.3478

.3613
● 37e
.3&)
● 394
.hlo
● 435
.450
.476
● 507
● 539
.598
.700
● 715

K

).0365
.0364
.03e
.036?
.03a
.0354
.03k7
● 0339
● 0330
.0319
● 0304
.0289
.@@
● 0254
.0234
.0205
.0167
.0121
● 0066

3
-.0076
-.0169
-.0272
-.0438
-.0651
-.06e2

%

o● 1909
● 1909
.19U.
.1923
“1933
.1942
.1956
.1966
.2007
.2039
.2073
.2106
.2J.67
.2256
.2355
.2445
.2538
.2643
.2746
.28%
.2956
● 3121
.3240
.3436
●3642
● 3@7

o● 170
.170
.170
● 170
.169
●166
● 162
.156
● 153
● 150
.142
.135
.127
.122
● 107
.098
● 077
● 055
.031

0
-*040
-.088
-.140
-.225
-“357
-“375

).415
● 415
.415
.415
.417
● 420
.425
● 430
● 440
.445
.455
.470
.485
.495
.512
● 531
.554
● 580
.600
.630
●668
.no
● 775
.825
.850
.870

-K

2.525
.525
.525
.525
.525
.525
.524
.523
.522
.521
.520
.519
● 517
.515
● 509
● 500
.5CQ
.508
● 515
.520
.535
:;:

.680

.835

.870
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TABLE8 - Continued

RESULTSOFTHEBOUNDARYLAYERCALCULATIONS- Continued

(d) co= 2

NACATMNo.1216 .

m

Q“ : w~F ‘ ‘1 ‘ ‘1 ‘K
o 0 0.1030 0.2281. 0.0212 0.2913 0.090.0.620 0.420
4 .0698 ● 1030 .2281 ● 023.1 .2913 .090 ●&o ● 420
8 .1396 .lo= .2284 .0210 .2918 .090 .620 .420

12 .2@4 ● 1034 .2290 .0208 .2923 .087 .621 ● 419
3.6 .2793 .1039 .2301 ● 0205 .2939 .083 ● @3 .418
20 ● 349 ● 1044 .2312 .0198 .2953 .079 ● 625 .416
25 .436 *1050 .2326 ● 0194 .2970 ● 075 ‘.@8 ● 414
30 .524 .1055 .2340 ● 0190 .2984 .073 .632 .412
35 ;% .1068 .2360 ● 0185 .3021 ● 071 .638 ● 410

.1078 .23& .0178 ● 3049 ● o@ ● 645 ● 405
E ● 7* .1091 .2400 .0168 .3086 ● 068 .654

● W3
● 399

50 .u06 .2437 ● 0157 .3128 ● 066 .665 .394
55 ●959 .u23 .2472 ● 0245 .3176 ● 064 .677 .388

1.047 ● 32.53 .2524
$

● 0133 .32~ .Oa .690 .3&
1.134 .u87 .258Q ● 01.J.9 ● 3337 .052 ● 710 ● 370

70 1.222 .1217 .26%7 ● 0101 .3442 .045
● 735 .360

g 1.309 .1252 .2712 .0081. ● 3541 *035 *755 ●350
1.396 .1289 .2795

&
.0058 .3646 .025

● 775 ● 340
1.484 .1334 .28& .Oofl “3773 .012

● 795 .325
90 1.571 .1393 .3002 0 ● 3940 0 ● 815 ● 310
95 1.658 .1460 .3132 - ● 0040 .4129 - ● 020 .845 .295

100 I. 746 ● 1543 .3290 -.0083 .4364 - ● 040 ● 8go .278
105 1.833 .1631 ● 3464 -.0138 .4a3 -.068 .925 .255
110 1.920 .1721 .3660 -.0202 .4868 -.100 ● gm .225
115 2.008 .186Q ● 3891 -.0306 .Y26 -.140 1.055 .190

2*095 .2015 ● 415 -.0406 ● 570 -.185 1.190 .120
$; 2.183 .2205 .452 :: :5&7 .635 -.220 1.260 .038

s 127.5 2.227 .23~ .472 .671 -.305 1.305 -.020
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TABIZ8 - Concluded

RE3ULTSOFTHEBOUNDARY-IJ$YERCALCULATIONS-Concluded

(e)VelocityDistribution

:
8

12
16
20
23
30

0
.o&8
.1396
.2094
.2793
.349
.436
.524
●W
.@8
.785
.873
● 959

1.047
1.134
1.222
1*309
1.396
1.484
1.571

0
.140
.278
.416
● 551
.684
.&5

1
1.147
1.286
1.k14
1.532
L 638
1.732
1.813
1.879
1.932
1.970
1.992
2

2
1“995
1.981
1.956
1.932
1.879
1.813

1.532
1.414
1.286
1.147
1

● 845
.684
.518
.347
.174

0

59
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TABIJ39

REStILTsOFT~ B-ARY-IAl!ER CALCULATIONFORTBE~ICAL

JOUKWSKYEROFILEJ 015FOR Ca= O

(&) f~(o)= 0; co = o

18Q
177.5
375
172.5
170
165
160
150
140
136
130
lf?o
llo

s 101.9

0
● 0493
.00986
.0148
● 0197
.0308
● 0444
● 0764
● X233
.144!5
●1775
.2416
● 3132
● 377

0.0370
*0377
● 0405
.ok38
.0485
● 0605
*0735
.hog
.1572
● 1772
.2062
.%08
.3217
.3748

0.0878
● 0895
.0964
.I048
.XL67
.1480
.1885
.284
.411
.472
● 559
● 742
.960

1.310

K

0.0708
● 0697
.0674
.0630
.0581
.0464
● 0351
.0193
● 0053

0
-.0089
-.0260
- ● 0484
-.0680

Iq

0.355
.349
d335
.319
.298
.247
● 197
.108
● 030

0
-.052
-.172
-*3e
-.e8

xl -K

o 0.650

1

.653

.661.

.682
● 703
“753
● 802
.892
*964

1.000
1*062
1.182
1.367
1.637
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TABLE 9 - Continued

RESULTS(X’TKEBOUNDARY-LAYERCALCULATION- Continued

(b) f~(o) =0=5; C*= O.0695

180
17795
175
172.5
170
165
160
150
140
136
130
120
llo
100

s 92.4

0
“.00493
.00986
.0148
● 0197
.0308
● 0444
● 0764
.1233
● 1445
● 1775
.2416
.3132
● 391
● 4577

3.0359
.0366
● 0391
● 0430
● 0474
.0580
● 0737
● 1072
.VA6
.1613
.1850
.2274
.2793
“3339
.“3742

0.0846
.0867
● 0927
● 1025
●U40
.1416
.1830
.268
.367
● 415
.483
● 620
.764
.961

1.125

R

0.0667
.0658
.0634
● o&33
.0556
● 0430
.033k
● Ol@
● 0045

0
- ● 0073.
- ● 0200
-.0356
- ● 0530
-.0682

0.0180
.0183
.-0196
.0215
● 0237
.0299
.0368
.0540
.0720
● 0790
● 0913
-1137
● 1397
.1669

0.335
● 331
.322
.307
.283
.227
● 180
● 100
.024

0
-.035
-.M.2
-.225
-.3&l
- ● 505

0.044
.045
.046
● 047
● 051
.O&l
● 074
● Uo
● 154
● 173
.203
.255
.316
;:$

-K

3.640
.645
.654
.674
.690
.734
● 773
.833
.867
.8t!o
.906
.976

L.075
L.200
1.310
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TABLE9 - Continued

RESULTSJOFTHEBOUNDARY-LNfERCALCULATION-Continued

NACA~NO. L216
●

D

(c) f~(o)= 1.0; co = 0.139

m)
177.;
175
172.;
170
16!5
160
150
140
136
130
120
110
100
90
80

S 76.4

o o.034e
.ookgs ● 035e
.00986 ● 0382
● 0148 .0416
● 0197 ● 0460
.0308 ● 0560
● 0444 .0686
.0764 .0985
●X33 .1342
.1445 ● 1484
● 1775 ● 1682
.2416 .2030
.3132 .2385
.391 .2790
.475 .3200
● 561 .362
● 593 .376

-r5* Ot
t-r

o*0819
.0842
● 0900
.0985
● 1095
● 1345
.1678
.243
.332
.368
.421
.505
● 595
.696
.800
.916
.952

K“

0.0626
.0626
● 0605
● 0564
.0516
.0376
.0292
.0152
.0038

0
-.0059
-.0162
-.0270
-.03t!a
-.0499
-.0636
-.0682

0.0s48
.0358
.0388
● 0403
● 0450
.0560
● 0678
.0985
● 1340
.1478
.1682
.2025
.24.00
.2800
.3203
.3622
.3766

h

0.314
“33
.308
.293
.265
.205
●154
●Om
●020
0
-.032
-.084
-.142
-●200
-.267
-.343
-.380

77
0● 077 0.631
.079 .631
.085 ● 640
● 095 .653
● 104 ● 667
.128 ● 703
.156 .748
● 223 .776
.300 .788
● 335 ● 795
● 3&l .830
.465 .806
.556 .809
.650 .812
● 750 .~8
.858 .830
●W .860

.
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TABLE 9 - Continued

RESULTSOF_ BO~m-_ C~IOll - Continwd

(d) fl(0)=1.5; CO=0.2085

T
lea

177=5
175
172.5
170
165
160

150
140
136
ly)
120
llo
100
90
M
g

50
s 40

0
● 00493
● 00986
.0148
.0197
.0308
.0444
.0764
.1233
.1445
●1775
.2416
.3132
.391
.475”
●56.1
● 645
● 734
● 807
.885

1.0336
● 0351
.0372
● 0404
● 0442
● oyA
.0675
.0927
.X249
.1368
.1543
.1825
●2107
.2388
.2683
.2981
.3255
“3555
●3789
●4027

0.0792
● 0%24
.0878
.0958
.1052
.l~ol
:~~~6

.297

.325

.365

.430

.490

.546

.61.0

.668

.726

.770

.808

.835

K

0.0584
.0592
.05&l
=0531
● 0482
.0376
● 0280
.0135
● 0027

0
-.0046
-.0127
-.0202
-.0276
-.0356
-.0432
-.0504
-.0578
-.0637
-.0682

‘1

0.-0504
.0526
“0557
.0606
● 0662
.083.6
.0980
; ::g

.205

.230

.272
=315
● 359
.401
.443
.487
.531
● 568
● 604

0.295
.293
.281
.2t55
.202
●192
.145
.070
.(x.6

o
-.014
-.060
-.097
-.132
-.165
-.198
-.230
-.2@
-.286
-.305

O.11o
.u6
.125
.136
.150
.181

.220
● 310
.415
.454
.512
● 605
.698
.785
.870
● 950

1.034
1.x14
1.190
1.265

-K

0.635
.635
.639
.648
.658
● 690
.705
.722
. TL8
.702
● 669
.630
.596
● 566
.529
.486
.430
.350
.250
.150
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TABLE9 - Continued

RESULTSOFTEEBOUNDARY-LAYERCALCUIATIOH-Continued.

NACATMNO.L216 P

*

(e)fl(0)=3.0;CO=0.417

lea
177●5
17!5
172.5
170
165
160
150
140
136
130
120
110
100
g

70
&

E
30
20
10
0

0
.ookgs
.00986
.0148
● 0197
.0308
● 0444
● 0764
.1233
.1445
● 1775
.2416
.3132
● 391●

.475
● 561
● 645
.734
● 807
.885
● 945
● 990

1.018
1.028

no separation

r~~
tv

0.0307
.0323
● 0342
.0365
.0398
.0486
.0587
● 0794
.1015
.ixL8
.1240
.1435
.1594
.1745
● 1881
.2006
.2109
.2218
.2302
.2383
● 2440
.2486
.2512
.2522

FE* Ot-—
tv

0.0720
● 0733
● 0795
.0852
● 0!?00
.1150
.136
.184
.231
.248
.270
● 303
“333
● 358
.374
:;;:

.424

.439

.452

.464

.470

.476

.479

R

o● 0504
.05U
.0494
.0433
.0391
● 0300
.0216
● 0099
.0022

0
-.0032
- ● Oom
- ● 01.lg
-.03.48
-.0172
- ● 0197
-.0212
-.0226
-.0234
-.0238
-.0248
-.0256
-.0259
-.02a

0.-0921
● 0940
.1026
● 1095
.1194
.1398
● 1705
.238
● 309
“335
● 370
.425
.476
.522
● 564
● 600
.633
.663
.691
● 715

..732
;;;:

*757

x

0.242
.241
.229
.212
●195
.157
.107
.051
.011
0
-.016
-.033
-.049
-.060
-.068
-.072
-●075
-.078
-●079
-.080
-.080
-.080
-.080
-.O&)

0.210
.213
.225
.240
.260
● 310
.376
.530
.666
.714
.781
.880
.970

1.045
1.11o
1.172
1.23o
1.280
1.326
1.336
1.340
1.344
1.348
1.350

-K

0.602
● 603
● 604
● 609
● 612
● 620
● ao
●570
.502
●471
.422
.306
●253
.022
“•090
-.180
-.230
-.27o
-.300
-.330
-.350
-.360
-.3a
-.360
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TABLE9 - Concluded

RESULTSOFTHEBOUHIIAHY-IAYERC~IOH -Continued

(f)VelocityDistribution

go
m)
177.5
175
172.5
170
165
16Q
150
140
u 6
130
120
110
100
90
b
$

z
30
20
10
0

o
.00493
.oog86
.0148
.0197
.0308
.0444
.0764
.1233
.1445
●1775
.2416
●313
*391
.477
.5Gl
.645
.734
● 807
.885
.945
.990
1.018
1.028

0
.231
● 445
.632
.782
●993
1.111
1.233
1.270
L 271
1.267
1.245
1.212
1.178
1.136
1¤095
1.053
1.014

●977
.945
.917
● 899
.@
.884

51.7
49.1
42.2
32.6
24.7
12.@l
6.16
1.572
.215

0
-.209
-.387
-.468
-.485
-.487
-.487
-.475
-.458
-.442
-.420
-.416
-.k4
-.410
-.410
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T- 10

VEIOXTY DISTRIBUTIONOVERTHEREGION’OFGRWINGBOUNDARYLAYER

FORTHEPLATEWITHHOMOEEWEOUSSUOTION

& =0.1 R = 0.2 @.o.4 fi=o.6 fE=o.8

-VCY -Vd ~ -VCY & -VJ ~ -~
~

u
T Y U. 7 U. Y- U7 v U.

0 0 0 0 0 0 0 0 0 0
.CQ86 .1108 .0534 .U@ .0910 .1279 .Wkl -1373 .137 .1455
.0572 ;2176 .1068 ,2271 .1820 .24b8 .236 .2598 .274 .2727
.0858 .3205 .160-2 .3317 .273 .322 .354 .3697 .411. .3848
.1.lA’4 .4173 .a36 .4287 .@ .4497 .472 .4676 .548 .4830
.143 .%07 .267 .5211 .455 .5302 .590 .5564 ;g .5704
.1’P6 ● 5967 .3204 .6054 ;& .6215 .708 .6351 .LAB
.2002 .6760 :p: .6E26 .6948 .826 .7051 ● 959 .7141
.228a .7475 .7518 .728 .7598 .944 .7666 1.096” .7724
.2574 .&05 .4806 .8126 .E!L9 .8164 l.o&’ .8196 1.233 .%224
.286 .8663 .5340 .8~ .910 .8659l.m .86571.370 .8655
.346 .9U2 .5874 .90941.001 .90591.298 .90291.507 .9C04
.3432 .9475 .6408 .94421.092 .93& 1.416 .93311.644 .9287
.37I.8.9738 .@42 .96971.183 .gm 1.534 .9557197ti .9501
.4004 .9W9 .7476 .98561.274 .97761.652 .97081.918 .9650
.4290 .9959 .L?Olo.99201.365 .98481.770 .97872.055 :m;
.5005 .9975 .9345 .9952 :.5975 .9908 2.065 .98TL 2.3975
.5720 .9985 1.0683 .9971 .99442.3&J .99222.740 .9902
.6435.99911.2015.99&?2~0475:99g ;.:5 .99533.o@5 .9941
.715 .99951.3350.99@ 2.275 .99713.425 .9964
.858 .99981.6020.99962.730 .999 3:540 .99834.1.1 .9987
1.001 .99991.8@o .99993.15 .99974.130 .99964.795 .9995
a 1.0000 - l.ocoo= 1.0000m 1.0000a 1.0000

i-r=1.0 p =1.4 G .1.8 m =3.0 fi=*

o 0 0 0 0 0 0 0 0 0
.1508.1518.1&6 .1Q7 .l&4 .lm .1946.17’72.2 .M13
.3u6 .2&9 .3392.2986.3608.3088.3892.3232.4 ::;g
.4524.3966.5088.4149.543.2.42@ .5B38 .4437j
.6032.4950.6784.5137-&6 .5259.7784.5430 .5507
.7540.5814.848 .5984 .6095.973 .@l 1.0 .6321
.9048.65621.m76 .67041.o&4 .6798$.;g: .@9 1.2
1.0556

.6988
.72U 1.1872.7’3191.2628.7390 .74891.4 .7534

1.206 .77701.35&3 .78401.4432.7887::;;: .79521.6 .7981.
1.3572.&?461.5264.8280;.6&6 .8302 .83331.8 .8347
1.50E!0.864 1.@6 .8651 .8&m 1:946 .8&8 2.0 .8647
1.6588.89841.8656.8953l:9@44.@33 2.1406.89052.2 .=
;.809:●*53 2.0352.91992.1648.91642.3352.91152.4 ●9093

.94382.2048.93912.34S .93472.3292.92852.6 .9257
2:1112.96142.3744.95332.5256.94862.7244.94212.8 :%&
2.26? .96932.5440.9@9 2.7060.95872.9190.95283.0
2.639 .9@.42.968 .97753.1570.97503.4055.97143.5 .9698
3.016 .98873.392 .9864~.g; .98k83.8920;;:; :.; .9a7
3.393 .99323.&6 .9917 .9908:.;i” .9W
3.770 .99594.240 .995’04:510 .9944 .99315:0 .9933
4.524 .$l$@5.088 .99Q 5.412 .9979~:%8 .99766.0 ●9975
5.278 .99945.936 .99936.94 .9993, .99927.0 .995U
a 1.Ocoo “ 1.0000 w 1.0000 m 1.0000- 1.000Q

D

ThepammmterK andAl (Seet.~107.)
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y U[x]Ea

Figure1.-Explanatorysketchfortheboundarylayerwithsuctionfor
arbitrarybodyshape.

g Figpre2.-ThefunctionsF1 and F2 forthevelocitydistributionin
boundarylayer,seeequation(9).
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●

Figure 3.- TheformparameterK ofthevelocityprofileasafunctionof
A, Al,accordingtoequation(14).
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Figure4.
TO~1

TheauxiliaryfunctionsG(K), ~, and —..TT as functions
u Pu

ofK, accordingtoequations(17a),(19),and(20).
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s

u

Figure6.-Diagramforsolutionoftheclifferentialequationforthemomentum
thickness:G(IC,~l).

.
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00709

006

004

002

0

Figure7.-Theinitialvaluesoftheboundarylayeratthestagnationpointfor
varioussuctionquantities.
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.
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I I I

04 / — Approximate

/Y

02 )

—

l——————%~ olb

to o-

/18

U —--- Exact (Hiemenz)

04
Approximate

02 Y
//

~ Y/d*

9

u.

Figure8.-Comparisonofthevelocitydistributionsaccordingtothe
approximatewiththeexactcalculation.

(a)Planeplateinlongitudinalflow,exactcalculationaccordingtoB1asius,
approximatecalculationaccordingtoequations(53)and(54),

‘r
(b)Exactcalculation according to Hiemenz, approximate calculation

according to equations (58)and(58a).
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Figure9.- Theextentof growingboundarylayerfor theplme platewith
-voE* ~ * To 6*

homogeneoussuction: ~s ~ Y — against~.Wuo
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*

Figure10.- Planeplate with homogeneous suction; region of growing
boundary layer; velocity distribution.

m.
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d

Figure11.- Planeplatewithhomogeneoussuctioq

layer; thelocal friction coefficient

region of growing boundary

Q against~.
T

0’=

●

a
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Figure 12.- Plane plate with homogeneous suction, region of growing boundary layer: The coefficient of the

total drag ~/~a agaimt & =
(~) J’% -

-1
Cn

t



Figure 13.- Plane plate with homogeneous suction, region of growing boundary layer: The coefficient of the
total drag Cf egalnst Uol/v for various vslues of suction cc-efficient -vo/Uo.

4w
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Figure 14.- Planestagnationpointflow:comparisonoftheboundarylayer
thicknessandmomentumthicknessofapproximateandexactcalculation
forvarioussuctionquantities,exactcalculationaccordingtoreference9.

1

.
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Figure15.- The boundarylayer on thecircular cylinderwithhomogeneous

suctionfor various suctionquantities Co =
r

~ %@ , Form
Uo ~

# d

*
parameter K= ~ . Withincreasingsuctionquantitythe
separationpointsldft~rearward.

-J



— Exact
––— Appmtimte

Figure 16.- The Ixmndarylayer on the circular cylinder with homogeneous suction for the mass
coefficient Co = 0,5. Comparison of the approximate calculation with an exact solution
(reference 17).

f b
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0

83

.

Figure 17.- The Immdarylayer on a symmetricalJoukows&profile J 015
with Ca = O for homogeneoussuctionwithvarious suctionquantities

co
fl(o)=—
r

accordingtoequation(36):Co = ~
F

x f1(0)
K1

ti2du 1
(Kl=51.7).~=~~. Withincreasingsuctionquantitythe
separationpointshiftsrearward.
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Figure 18.- Region of growing boundary layer for the plane plate with homogemxmssuction; comparison of
approximate and watt calculation for the displacement and momentum t~ckness.
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I I I I
I Plane plate wi~ homogeneous,sectiom

Entmnce region,

-— Approxbmde(SchLtchting43/13)
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Figure 19,- R@dn of growing ~&&ry layer for the plane plate with homogeneous suction; comparison of
approximate srd exact calculation for the wall shearing stress.


